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1 INTRODUCTION 2

1 Introduction

T
he modeling of explosion dynamics for vessels, enclosures, energy storage systems, and other

interconnected and complex geometries requires detailed chemical equilibrium calculations to

properly resolve the transient PVT behavior during the explosion.

Performing detailed chemical equilibrium calculations by computational fluid dynamics computer

codes is not practical and cost prohibitive, even though it can be done using well established meth-

ods by direct minimization of the Gibbs free energy [1, 2]. However, we can create a reduced

analytical model, often referred to as a constant γ model, that can be easily matched to detailed

chemical equilibrium calculations. The reduced analytical model is constructed to optimize the

fidelity of the representation of the overpressure properties, which is of most interest and impor-

tance for practical explosion dynamics modeling. The constant γ model is optimized to provide

the best match of the Chapman-Jouguet solutions as produced by detailed chemical equilibrium

calculations.

We demonstrate how constant γ models can easily be developed with SuperChems ExpertTM , a

component of Process Safety Office R© , for use in explosion dynamics codes and the explosion

dynamics models of SuperChems Expert .

2 Steady One Dimensional Flow

We consider once again the case of one-dimensional steady flow of a fluid in a constant flow area

duct. Ignoring friction, heat and work exchange with the surroundings, the mass, momentum, and

energy conservation equations can be written as follows:

Mass:

ρ1u1 = ρ2u2 (1)

Momentum:

P1 + ρ1u
2

1
= P2 + ρ2u

2

2
(2)

Energy:

h1 +
1

2
u2

1
= h2 +

1

2
u2

2
(3)

Where ρ is the fluid mass density, h is the specific enthalpy, P is the pressure, and u is the flow ve-

locity. In addition to the above equations, an equation of state is required to relate pressure, density,

and temperature. For gases with ideal behavior, we can relate pressure, density, and temperature

using the ideal gas equation of state:
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3 THE RAYLEIGH LINE EQUATION 3

Ideal Gas Equation of State:

P =
ρRgT

Mw

(4)

Where Mw is the molecular weight, T is the temperature, and Rg is the universal gas constant

which is equal to 8314 J/kmol/K.

It can be shown thermodynamically that for an ideal, non-reactive gas, the enthalpy is a function

of temperature only and is independent of the pressure. However, when the products are a reactive

ideal gas, one must express the enthalpy as a function of temperature and extent of reaction. If the

gas is in chemical equilibrium, then the enthalpy becomes a function of temperature and pressure:

h2 = h2(T, P ) (5)

3 The Rayleigh Line Equation

If we solve the mass and momentum conservation equations above to eliminate either u1 or u2 we

obtain the equation:

[ρ1u1]
2

= [ρ2u2]
2

=
P2 − P1

v1 − v2

which is always > 0 (6)

Here v is the specific volume in m3/kg. The right hand side of this equation is the negative slope

of a line connecting states 1 and 2 in the (P, v) plane. Both the left hand side and the middle part

of this equation represent the square of mass flow. Thus, to be physically meaningful, the left hand

side must always be positive. This restricts all end states for a steady one dimensional flow to the

regions illustrated in Figure 1. Note that, for such a flow to be meaningful, either the pressure must

increase when the volume decreases, or the pressure must decrease when the volume increases.

Furthermore, all thermodynamic states of the system in such a flow must lie on a single straight

line through the point (P1, v1). This line is called the Rayleigh line.

The Rayleigh line does not represent a complete solution to the problem since the energy equation

has not yet been included. The Rayleigh line requirement is derived independent of any equation

of state considerations. It represents a fundamental constraint on one dimensional steady flow

regardless of the substance being considered.

4 The Rankine-Hugoniot Equation

If we eliminate both u1 and u2 from the equations above, we arrive at the Rankine-Hugoniot

relationship. The Rankine-Hugoniot relationship can be written in terms of the specific internal

energy, e:

e2 − e1 =
1

2
(P2 + P1) (v1 − v2) (7)
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5 WORKING FLUID - HEAT ADDITION MODEL 4

Figure 1: (P, v) plane showing regions where solutions are excluded or allowed according to the

Rayleigh line

or specific enthalpy:

h2 − h1 =
1

2
(P2 − P1) (v1 + v2) (8)

Like the Rayleigh line, the Rankine-Hugoniot equations were also derived without any consider-

ation of an equation of state. They are applicable to a chemically reactive system as well as a

non-reactive system. For a reactive system, the specific enthalpies or internal energies used in the

equations for states 1 and 2 must be compatible. The specific enthalpy and internal energy must

both use the same standard reference state. Thus, heats of reaction will implicitly be accounted for

in the equation for the Rankine-Hugoniot when chemical transformations are occurring.

5 Working Fluid - Heat Addition Model

Chemical reactions involve the breaking of weak chemical bonds to form stronger ones. The

energy that is released is absorbed by the system as thermal and Pv energy and as a result the

system temperature increases.

The calculation of this temperature (adiabatic flame temperature) for a constant pressure combus-

tion process for a gaseous fuel-oxidizer mixture is performed by requiring that h2 equal h1. The

enthalpy-temperature relationship for the products cannot simply intersect the enthalpy-temperature

relationship for reactants because the temperature increases significantly during a combustion pro-

cess. If air is the oxidizer, dilution with nitrogen causes the enthalpy-temperature relationship to

be almost a straight line. In such a dilute combustion system, even though there is a slight change

in the average molecular weight during the combustion process, this change is usually small.
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5 WORKING FLUID - HEAT ADDITION MODEL 5

Figure 2: Typical working fluid heat addition model enthalpy - temperature relations

As a result, one can replace the actual gas that is undergoing the combustion reactions with an

inert working fluid of constant heat capacity. However, the enthalpy-temperature relationship for

the product fluid must be displaced from that of the reactants because of the highly exothermic

reactions that are occurring during the combustion process.

h1 = cp1T (9)

h2 = cp2T −Qrxn (10)

cp is the specific ideal gas heat capacity and Qrxn is the heat of combustion. Figure 2 illustrates

how the real enthalpy relationships are approximated in this simple working fluid heat addition

model. We can have constant heat capacities that are different, i.e. cp1 is different from cp2. It is

very common to set cp1 equal to cp2, especially when using the simple working fluid heat addition

model to represent explosion phenomena as discussed in Section 7.

Substituting the average molecular weight working fluid heat addition model with equal product

and reactant heat capacities into the Rankine-Hugoniot relationship (see Equation 8) yields the

following equation:

γ

γ − 1
(P2v2 − P1v1) − Qrxn =

1

2
(P2 − P1) (v2 + v1) (11)

Where γ is the ideal gas heat capacity ratio and is constant. This equation exhibits both a pressure

and volume asymptotes as P2 tends to infinity or v2 tends to infinity:
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5 WORKING FLUID - HEAT ADDITION MODEL 6

v2

v1

→ γ − 1

γ + 1
(12)

P2

P1

→ −γ − 1

γ + 1
(13)

If we rewrite the Rankine-Hugoniot equation in terms of a new coordinate system (η, ξ) in which

the variables are defined as follows:

η =
v2

v1

− γ − 1

γ + 1
(14)

ξ =
P2

P1

+
γ − 1

γ + 1
(15)

qrxn =
Qrxn

P1v1

(16)

ηξ =
4γ

(γ + 1)2
+ 2qrxn

(

γ − 1

γ + 1

)

(17)

The new equation is a rectangular hyperbola in the (η, ξ) plane, i.e., a displaced rectangular hyper-

bola in the (P, v) plane. See Figure 3.

A vertical Rayleigh line on Figure 3 from the point (P1, v1) represents constant volume combustion

and a horizontal Rayleigh line from the point (P1, v1) represents constant pressure combustion.

There are no waves in the system in either of these cases.

The asymptotes are independent of the value of Qrxn. A positive value of Qrxn displaces the

Rankine-Hugoniot towards the right and upwards. When Qrxn equals zero, the Rankine-Hugoniot

passes through the point (P1, v1). At the point (P1, v1) the tangent to the Qrxn = 0 Rankine-

Hugoniot is the equation for a sonic line.

A Rayleigh line represents an approach flow velocity just equal to the velocity of sound. In ad-

dition, it can be shown that the Rankine-Hugoniot for Qrxn = 0 is the normal shock Rankine-

Hugoniot when the pressure rises and the volume decreases and is physically impossible in the

branch where the pressure is lower than the initial pressure. All Rankine-Hugoniot curves that are

displaced to the right and upward represent Rankine-Hugoniot curves for combustion processes.

The lower branch, which lies between P1 > P2 > 0 is called the deflagration branch. A Rayleigh

line of very small slope connecting the point (P1, v1) with a point on this branch represents sub-

sonic flames. This is because the flow velocity associated with ordinary flames is so low that the

pressure drop is very small.

The upper branch solutions which are represented by the condition that the solutions lie between

the P = ∞ asymptote and the v2 = v1 line are called the detonation branch solutions (all Rayleigh

slopes above the slope u = c represent supersonic approach flows). In this region, there is a min-

imum supersonic velocity for steady, one-dimensional flows. This is called the upper Chapman-

Jouguet point (CJ) and is physically observed as a self-sustaining detonation. Intersections of the

Rayleigh line with the Rankine-Hugoniot line above this CJ point are called strong or over driven
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5 WORKING FLUID - HEAT ADDITION MODEL 7

Figure 3: Pressure-volume diagram of end states for a 1D steady process with heat addition

detonations. Strong detonations are observed physically when a shock wave in an exothermic re-

active system is supported by a high velocity piston. The weak detonation branch, or supersonic

combustion branch, is observed physically when one can somehow trigger the chemistry at a high

supersonic velocity without having a shock wave in the system. This can be done, for example,

by having a supersonic stream of air heated above the auto-ignition temperature of the fuel and

injecting fuel into this very hot supersonic flow. The transition then takes place directly from the

point (P1, v1) to the intersection of the Rayleigh line with the Rankine-Hugoniot and there is no

shock in the flow.

Neither weak nor strong CJ detonations occur as a steady phenomenon (see 2). It has been observed

that steady premixed gas detonations tend to propagate at the CJ condition [3]. Deflagration waves

usually behave as weak deflagrations and are influenced by finite reaction and transport rates.

Therefore, the CJ deflagration velocity is typically not as reliable as the CJ detonation velocity.

As shown in Figure 2, we note that a CJ detonation corresponds to an increase in pressure and

a decrease in specific volume and is a compression wave. A CJ deflagration corresponds to a

decrease in pressure and increase in specific volume and is an expansion wave.
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6 CHEMICAL EQUILIBRIUM CONSIDERATIONS 8

6 Chemical Equilibrium Considerations

In a real chemical system, the composition of the equilibrium gases changes continuously as one

travels along the Rankine-Hugoniot. As one travels along the Rankine-Hugoniot in a direction of

decreasing final volume, both the temperature and pressure increase monotonically.

If we differentiate the Rankine-Hugoniot relationship given in terms of specific internal energy

along the Rankine-Hugoniot we develop the following relation:

de2 = −1

2
(P1 + P2) d

(

1

ρ2

)

+
1

2

(

1

ρ1

− 1

ρ2

)

dP2 (18)

In differential form, we can write the first law of thermodynamics as follows:

de2 = −P2d

(

1

ρ2

)

+ T2ds2 (19)

Where s is specific entropy. As a result,

T2

ds2

d
(

1

ρ2

) =
1

2

(

1

ρ1

− 1

ρ2

)



− (P1 − P2)
(

1

ρ1

− 1

ρ2

) +
dP2

d
(

1

ρ2

)



 (20)

When the left hand side of the above equation equals 0 at any point along the Rankine-Hugoniot,

the Rankine-Hugoniot curve must coincide with an isentrope at that point. This leads to the fol-

lowing expression:





dP2

d
(

1

ρ2

)





s

=
P1 − P2

1

ρ1

− 1

ρ2

(21)

The right hand side of this equation is the negative slope of a Rayleigh line to that point on the

Rankine-Hugoniot. If we substitute the equation for the Rayleigh line in the above equation we

obtain:





dP2

d
(

1

ρ2

)





s

= −u2

2
ρ2

2
(22)

Since the square of the speed of sound (choking condition) is equal to the change of pressure with

respect to density at constant entropy, we can write:

c2

s2
=

[

dP2

dρ2

]

s

= − 1

ρ2

2





dP

d
(

1

ρ2

)





s

= −−u2

2
ρ2

2

ρ2

2

= u2

2
(23)
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7 WORKING FLUID - HEAT ADDITION MODEL PARAMETERS ESTIMATION 9

The equilibrium Rankine-Hugoniot coincides with an equilibrium isentrope at a point that is tan-

gent to a Rayleigh line. The flow velocity in state 2 is exactly equal to the equilibrium velocity

of sound at that point. This is the condition for thermal choking in a one-dimensional flow and

applies equally well to both the upper and lower CJ points. Only the upper CJ point is observed

physically.

To construct a complete Rankine-Hugoniot one must have access to a chemical equilibrium com-

puter code that is capable of determining the equilibrium compositions and thermodynamic proper-

ties at specific temperature and pressure points of interest. For example, Rankine-Hugoniot curves

are constructed in SuperChems Expert using direct minimization of the Gibbs free energy with

real fluid effects [1, 2, 4, 5]. Solids, liquid, and gas phases are allowed in the Gibbs free energy

methods used in SuperChems Expert .

The CJ points can be approximated for an ideal gas from maximum constant volume adiabatic

temperature and pressure estimates [3]:

PCJ ' 2Pmax (24)

TCJ '
(

2γ

γ + 1

)

Tmax (25)

where Tmax and Pmax are the calculated constant volume maximum temperature and pressure

and γ is the ideal gas heat capacity ratio. The CJ detonation pressure is approximately twice the

constant volume pressure. The CJ temperature is higher than the constant volume temperature

due to the shock compression process in a detonation. For a burnt gas heat capacity ratio of 1.2,

TCJ ' 1.09Tmax, or is 9 % hotter than Tmax.

The constant volume maximum pressure can be approximated for an ideal gas from the starting

initial pressure and the calculated adiabatic flame temperature at the starting initial pressure [3]:

Pmax = P0

[

1 + γ

(

Tf

T0

− 1

)]

' γP0

(

Tf

T0

)

(26)

where Tf is the calculated or measured adiabatic flame temperature and T0 is the initial starting

temperature. The constant volume temperature can also be approximated for an ideal gas from the

calculated adiabatic flame temperature at the starting initial pressure:

Tmax = T0 + γ (Tf − T0) ' γTf (27)

where T0 is the starting initial temperature in K.

7 Working Fluid - Heat Addition Model Parameters Estima-

tion

The new Rankine-Hugoniot equation derived earlier is often regressed from real-gas Rankine-

Hugoniot estimates in order to establish best values of heat capacity and heat of reaction for the
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7 WORKING FLUID - HEAT ADDITION MODEL PARAMETERS ESTIMATION 10

working fluid heat addition model. Two parameters are regressed from the real fluid Rankine-

Hugoniot that is established using detailed chemical equilibrium calculations:

(

v2

v1

− β1

)(

P2

P1

+ β1

)

= β2 (28)

The constants β1 and β2 are determined from the regression to yield the best values of γ and Qrxn:

β1 =
γ − 1

γ + 1
(29)

β2 =
4γ

(γ + 1)2
+

2Qrxn

P1v1

(

γ − 1

γ + 1

)

(30)

Or

γ =
1 + β1

1 − β1

(31)

qrxn =
Qrxn

P1v1

=
1

2

[

β2 −
4γ

(γ + 1)2

](

γ + 1

γ − 1

)

(32)

For a number of common fuel-air mixtures it can be shown that this curve fit is very good (to

within 0.25% on pressure at any specified final value over the range 1-20 bars). Therefore, the

overall behavior of a gas phase detonation can be modeled accurately using the working fluid heat

addition model. Curve fit constants for six common fuels are given in Table 1.

Table 1: Rankine-Hugoniot Curves Regression Data (stoichiometric combustion)

Heat of Combustion Heat of Combustion Best Fit for Best Fit for

Fuel MJ/kg fuel h. MJ/kg mixture h/ P1V1 qrxn=Qrxn/P1V1 γ
H2 120.00 3.40 28.86 33.89 1.173

CH4 50.01 2.74 30.90 39.27 1.202

C2H2 48.22 3.38 39.12 44.79 1.195

C2H4 47.16 2.99 34.91 43.29 1.199

C2H4O 28.69 3.24 40.78 47.27 1.203

C3H8 46.35 2.78 35.68 47.42 1.208

Notice that the values of h/(P1v1) are determined from the actual heat of combustion and are

always lower than qrxn = Qrxn/(P1v1), the dimensionless heat addition which is needed to model

the behavior of the real Rankine-Hugoniot. This is simply an artifact of the model. Note that this

working fluid-heat addition model does not recognize molecular weight changes (which are small);

nor does it correctly model the temperature or velocity of sound of the product gases.

Using the values in the last two columns of Table 1, the CJ Mach number of the detonation may

be calculated from the equation below using the positive sign solution (a negative sign on the inner
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8 THE ZELDOVICH, VON NEUMANN, DÖRING (ZND) THEORY 11

square root sign yields the CJ deflagration Mach number):

MCJ =

√

[H + 1] ±
√

[H + 1]2 − 1 (33)

H =
γ2 − 1

γ
q (34)

The CJ detonation velocity, pressure, temperature, and density ratios may then be calculated as

follows:

PCJ

P0

=
1 + γM2

CJ

γ + 1
(35)

TCJ

T0

=

[

PCJ

P0

1

MCJ

]2

(36)

ρCJ

ρ0

=
P0

PCJ

M2

CJ (37)

uCJ

c0

= MCJ or uCJ =

(
√

γP0

ρ0

)

MCJ (38)

where c0 is the speed of sound at the starting initial conditions, T0 is the starting initial temperature,

P0 is the starting initial pressure, and ρ0 is the starting initial mass density.

8 The Zeldovich, von Neumann, Döring (ZND) Theory

During the period, 1940 to 1945, these three investigators independently constructed a model for a

one-dimensional detonation wave. The model consisted of a non-reactive shock transition followed

by one-dimensional reaction flow in which the chemistry, triggered by shock heating goes to full

chemical equilibrium, while the flow follows a Rayleigh line to the CJ point.

To construct a ZND flow, first calculate for the mixture and initial state conditions of interest the

CJ Mach number M of the detonation. Use this Mach number to determine the non-reaction state

(P, T ) just behind the shock and use these conditions and the prescribed mass flow to numerically

integrate the reaction flow equations for steady flow until chemical equilibrium is reached. Since,

mathematically, the CJ point is a strong singularity, forward numerical integration to that point is

impossible. However, it is usually possible to integrate to within 95% of complete reaction before

the singularity starts to cause trouble. Since the CJ properties are known analytically, extrapolation

is possible. The trajectory of the calculation is indicated schematically on Figure 3. In this figure

the Rayleigh line tangent to the upper CJ point when extended to intersect the q = 0 Rankine-

Hugoniot yields the conditions just downstream of the shock wave. Then the calculation follows

the Rayleigh line to the CJ point.

One can also use the working fluid heat addition model to represent the chemistry. In this case one
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9 EXAMPLE: METHANE-AIR RANKINE-HUGONIOT 12

must define an extent of heat addition:

Φ =
Qrxn

QrxnCJ

(39)

where QrxnCJ
is the value of Qrxn tabulated in Table 1. Then, for any value of Φ one can calculate

all the state and flow variables using the equations for volume ratio:

v2

v1

=
(γM2 + 1) − (M2 − 1)

√
1 − Φ

(γ + 1)M2
(40)

P2

P1

=
(γM2 + 1) + γ (M2 − 1)

√
1 −Φ

(γ + 1)
(41)

And flow velocity:

u2 =
v2

v1

McS1
(42)

In order to determine the flow structure from these relations one must know the effective reaction

rate:

dΦ

dx
=

1

u2QrxnCJ

dQrxn

dt
(43)

Where dQrxn/dt is the effective rate of heat release due to the chemical reactions and u2 is the

local flow velocity.

9 Example: Methane-Air Rankine-Hugoniot

Compute the constant volume temperature, constant pressure temperature, upper and lower CJ

conditions for a methane-air mixture starting at 1 bar and 25 C. The mixture consists of 0.5 kmol

of methane, 1 kmol of oxygen, and 3.76 kmol of nitrogen. Also compute from the complete

Rankine-Hugoniot, the parameters β1 and β1 by least squares regression.

10 SuperChems Expert Solution

SuperChems Expert provides an automated method for calculating an entire Rankine-Hugoniot

using direct Gibbs free energy minimization. The solution is obtained by first defining a mixture

that contains methane, air and the potential combustion products. Then the initial temperature

and pressure conditions are specified as shown in Figure 4. The mixture selected includes major

combustion products. It can be defined to include more minor potential combustion products if

needed.
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10 SUPERCHEMS EXPERT SOLUTION 13

SuperChems Expert computes the complete Rankine-Hugoniot, identifies the CJ points graphi-

cally, and fits the simple working fluid parameters. The simple working fluid parameters are used

by the SuperChems Expert 1D explosion dynamics model to estimate overpressure from defla-

grations, deflagrations to detonations transition, and prompt detonations in 1D geometries. The

Rankine-Hugoniot estimates are shown in Figures 5, 6, and 7.

SuperChems Expert also provides utilities for quantifying the influence of composition on Rankine-

Hugoniot curves and variables of interest.

Figure 4: SuperChems Expert Rankine-Hugoniot Inputs for Methane-Air combustion

Using the best fit parameters of γ and q for the working fluid model, we can check how the model

reproduces the SuperChems Expert calculated CJ detonation velocity, pressure, temperature, and

density ratios:

H =
γ2 − 1

γ
q =

1.22 − 1

1.2
39.348 = 14.4276

MCJ =

√

15.4276 +
√

15.42762 − 1 = 5.552

The CJ detonation velocity, pressure, temperature, and density ratios may then be calculated as
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10 SUPERCHEMS EXPERT SOLUTION 14

Figure 5: SuperChems Expert Rankine-Hugoniot Estimates for Methane-Air Combustion

Figure 6: SuperChems Expert Graphical Representation of Methane-Air Combustion Rankine-

Hugoniot Example
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11 CONCLUSIONS 15

Figure 7: SuperChems Expert Regression of Simple Working Fluid Parameters

follows:

uCJ =

(
√

γP0

ρ0

)

MCJ =

(

√

1.2 × 105

1.115

)

5.552 = 1821.38 m/s

PCJ

P0

=
1 + γM2

CJ

γ + 1
=

1 + 1.2 × 5.5522

2.2
= 17.268

TCJ

T0

=

[

PCJ

P0

1

MCJ

]2

=

[

17.268

5.552

]2

= 9.673 or TCJ = 9.673 × 298.15 = 2884.16 K

ρCJ

ρ0

=
P0

PCJ

M2

CJ =
5.5522

17.268
= 1.785 or ρCJ = 1.785 × 1.115 = 1.99 kg/m3

The detailed values calculated by SuperChems Expert (as shown in Figure 5) are 1821.05 m/s,

17.4217, 2559 K, and 2.00 kg/m3 respectively. The constant γ model as regressed shows excellent

predictions and fidelity for critical parameters used in 1D gas dynamics.

11 Conclusions

Constant γ models can be easily developed using SuperChems Expert for complex gas and hy-

brid gas/dust mixtures. These parameters are then used as inputs to the SuperChems Expert 1D

gas dynamics model to evaluate deflagrations, deflagrations to detonation transitions, and prompt

detonations in complex and interconnected geometries. In addition, using the constant γ model
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11 CONCLUSIONS 16

parameters and SuperChems Expert 1D gas dynamics modeling we can quickly and properly es-

tablish explosion relief requirements for complex and interconnected geometries.
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How can we help?

In addition to our deep experience in process

safety management (PSM) and the conduct

of large-scale site wide relief systems evalua-

tions by both static and dynamic methods, we

understand the many non-technical and subtle

aspects of regulatory compliance and legal re-

quirements. When you work with ioMosaic

you have a trusted ISO certified partner that

you can rely on for assistance and support

with the lifecycle costs of relief systems to

achieve optimal risk reduction and PSM com-

pliance that you can evergreen. We invite you

to connect the dots with ioMosaic.

We also offer laboratory testing services

through ioKinetic for the characterization

of chemical reactivity and dust/flammability

hazards. ioKinetic is an ISO accredited, ultra-

modern testing facility that can assist in min-

imizing operational risks. Our experienced

professionals will help you define what you

need, conduct the testing, interpret the data,

and conduct detailed analysis. All with the

goal of helping you identify your hazards, de-

fine and control your risk.

Please visit www.iomosaic.com and www.iokinetic.com to preview numerous publica-

tions on process safety management, chemical reactivity and dust hazards characterization, safety

moments, video papers, software solutions, and online training.
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